Let D be a division ring and D * be the multiplicative group of D. In this paper we study locally solvable maximal subgroups of D * .
Introduction and convention
Let D be a division ring with the center F . All subgroups considered in this paper are subgroups of the multiplicative group D * of D. So, sometime we say that G is a subgroup of D with the understanding that G is in fact a subgroup of D [3, Th. 6] with a stronger supposition of the algebraicity of M. Here, we replace the condition of algebraicity of M by the algebraicity of derived subgroup M ′ of M. Finally, recall that in [1] it was proved that in a non-commutative centrally finite division ring D, every nilpotent maximal subgroup of D * is the multiplicative group of some maximal subfield of D. More generally, in [4, Cor. 5] , the author proved that in an arbitrary division ring, every nilpotent maximal subgroup is abelian. On the other hand, it is easy to see that every abelian maximal subgroup is the multiplicative group of some maximal subfield of D (see Pro. 2.2 in the text). In [5, Th. 3.2] this result was carried over for locally nilpotent maximal subgroups of a non-commutative division ring D that is algebraic over its center F . Now, using the result, mentioned above, here we can replace the algebraicity of D by the algebraicity of M ′ , but the obtained result is the same. In fact, we shall show that if M is a locally nilpotent maximal subgroup such that M ′ is algebraic over F , then M is the multiplicative group of some maximal subfield of D.
Throughout this paper the following notations will be used consistently: For a division ring D we denote by D * and F its multiplicative group and center respectively. We say that a division ring D is algebraic over F if every element of D is algebraic over F . A division ring D is called centrally finite provided it is a finite dimensional vector space over F . If R is a ring with identity 1 = 0 and A is a nonempty subset of R, then C R (A) denotes the centralizer of A in R, i.e.
If G is a group, then Z(G) is the center and G ′ is the drived subgroup of G respectively. For a subgroup G of D * , denote by F [G] and F (G) the subring and the division subring respectively of D generated by the set F ∪G. We say that a subgroup G of D * is irreducible (resp. absolutely irreducible) if F (G) = D (resp. F [G] = D). All another notation and symbols in this paper are standard and one can find, for example, in [6] , [7] and [8] .
Locally solvable maximal subgroups
Our purpose is to study the properties of locally solvable maximal subgroups in a division ring D. For the convenience we restate the following two results of Wehrfritz which will be used in this work. We note also the following two very simple lemmas we need.
Lemma 2.1 Let D be a division ring with the center F and G be a subgroup of
Lemma 2.2 Let D be a division ring with the center
The following theorem generalizes the classical result of Hua, mentioned in the Introduction (see, for example [6, p. 223] or also the generalization of this result by Stuth in [9] ). [6, (13.17) Proof. By Proposition 2.1,
Since D is non-commutative and M is abelian, the first assertion can not occur. So, M ∪ {0} is a division subring of D. Therefore, M ∪ {0} is a maximal subfield of D.
Lemma 2.3 Let D be a non-commutative division ring with the center F and suppose that M is a locally solvable maximal subgroup of
Proof. By Proposition 2.1,
We note the following simple fact, whose proof will be omitted. 
Lemma 2.4 Let M be a non-abelian group and suppose that
Since M is locally solvable, by Theorem 2.1, F (M) is a field and consequently M is abelian that is a contradiction.
Theorem 2.2 Let D be a non-commutative division ring with the center F and suppose that M is a non-abelian locally solvable maximal subgroup of
Proof. First, note that in view of Lemma 2.4, such a subgroup A of M exists.
Suppose that x ∈ M, y ∈ K * and a ∈ A are arbitrary. Then, we have
This shows that 
Therefore, in this case F * is a unique maximal abelian normal subgroup of M. Thus, we can suppose that A = F * for every maximal abelian normal subgroup A of M. Now, suppose that A 1 , A 2 are maximal abelian normal subgroups of M. By Theorem 2.2,
Suppose that x ∈ K * 1 \ K * 2 . Then, there exists some element y ∈ A 2 such that xy = yx or equivalently, a = xyx
Hence a ∈ K 2 . Since x + 1 ∈ K * 1 and (x + 1)y = y(x + 1), by the similar way as above we can conclude that 1 = c = (x + 1)y(x + 1)
Then, we have cy(x + 1) = (x + 1)y ⇐⇒ cyx + cy = xy + y ⇐⇒ cyx − ayx = (1 − c)y * ≤ M and K/F is a Galois extension. If M is radical over F , then K is radical over F too. By [6, (15.13), p. 258], the prime subfield P of F has the characteristic p > 0 and either K is purely inseparable over F or K is algebraic over P . Since K/F is Galois, the first case cannot occur, so K is algebraic over P . Consequently, D is algebraic over the finite field P and by well-known theorem of Jacobson [see 6, (13.11), p. 219], D is a field, that is a contradiction.
Lemma 2.5 Let D be a non-commutative division ring with the center F and suppose that M is a locally solvable maximal subgroup of
Proof. By Proposition 2.1, F * M, so such an x exists. For any m ∈ M we have m 
1, F (x) is a field and consequently F (x)
* ≤ A. Therefore, x ∈ A for any x ∈ M \ F . Since F * ≤ A , it follows that M = A. In particular, M is abelian, that is a contradiction.
Proposition 2.7 Let D be a non-commutative division ring with the center F . Suppose that M is an irreducible metabelian locally solvable maximal subgroup of D * and A is a maximal abelian normal subgroup of M. If a subgroup N of M strictly contains
If K is a subfield of a division ring D, then we denote by [D : K] l ([D : K] r , resp.) the dimension of left (right, resp.) vector space D over K.
Lemma 2.7 Let D be a division ring with the center F and suppose that
Proof. Consider the case, when 
Proof. By Theorem 2.2, we have
Denote by f (X) = min(F, α) the minimal polynomial of α over F and suppose that
For any b ∈ M we have b −1 αb ∈ A and f (b 
* is locally solvable and by Theorem 2.1, 
* is locally solvable too. Therefore, by Theorem 2.1, F (M ′ ) is a field. In particular, M ′ is abelian and so M is metabelian. By Lemma 2.6 , M ′ ⊆ F . Hence, there exists some element 
Proof. Since M is abelian and D is non-commutative, by applying Proposition 2.2 we conclude that Proof. By Proposition 2.2, it suffices to prove that M is abelian. Thus, suppose that M is non-abelian. Then, by Proposition 2.3, M is irreducible. Hence by Lemma 2.8, M is absolutely irreducible. By applying Theorem B for H = G = M, we conclude that M/Z(M) is torsion group. On the other hand, by Lemma 2.3, Z(M) = F * , so M/F * is torsion. Therefore M is radical over F . Since M ′ is algebraic over F , by Theorem 2.9, [D : F ] < ∞. By Proposition 2.6, M is not radical over F , that contradicts to the conclusion above. Hence M is abelian, as we desired to prove.
